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and

G (W)Pmpn = ~~~ /1~L~~ for ~~~~~~~~~~~~~~~~~~~~~~~~

or

G(L~.))p p = 0 for W otherwise.

iç~ U~, and rm are evaluated at W = (4, in Eq. (1l .~4) .  The

n = in terins are the covariance of the same m ode observed at

the two detectors. With the range of time delay ~7 ..T 2 1
limited to about the travel time between the detectors

I(x 1 x2 )1TJ
15 I the most important terms in the summation are
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ABSTRACT

The usual way to determine the direction of a radiat-

ing source using an array is to steer the array for maximum

output. The steering can be done by time delays or by mechani—

cally~ turning the array. The output of the array can be ex-

pressed as the sum of the time average of the products of the

pressure observed at detectors m and n • The value
/T rT r7

of 
~~~~~~~~~~~~~~ 

can be maximized by a proper choice of time

delays 7~ , 7 This procedure is straightforward in an inf I—

nite homogeneous medium. If the medium is a layered waveguide,

there are many more possibilities for submaxima of the 1~~I~~

terms.

The normal-mode solution of the radiation field of a

band limited noise point source in a layered waveguide was

given by the author in 3. A~oust. Soc. Mi. 31. 1~ 73—1~+79 (1959).
The value of <~ cç~

) 
~~

(7
~~> as a function of time delay is

compared with the value of obtained with mechanical

steering. For these calculations the noise source is assumed
4’ /

to have a bandwidth of 1/15 of the center frequency , and the

depth of the water is assumed to be about 4 over a thick layer
of unconsolidated sediment. The number of maxima of the

~~~ P 7 ~~)) Is related to the number of modes propagating in

the wavegulde if the steering is done with time delays. ilechan-

Ical steering yields one maximum that corresponds to th~S~ource

direction.
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1. IntroductIon

The use of an array to determine the direction of a

radiating source has been studied with many array designs,

processing techniques, end signal-to—noise condItions.~~~
7
~

The usual way to determine the direction of the source Is to

adjust the phases of the signals observed at each detector so

that the time average of the square of the sums of the outputs

Is a maximum. The phase adjustments can be made by mechanically

turning the array or by time delays. Assumptions common to all

the studies are thet the array is in a homogeneous medium, and,

in the absence of noise, that the signal observed at one detec-

tor is essentially the same as the signal observed at any other

detector. If the medium Is not homogeneous but is a layered

wavegulde a number of things can happen. The medium is disper-

sive, i.e0, different frequencies travel with different group

and phase velocities. Depending on the number of solutions al-

lowed by the boundary conditions, a particular frequency can

have several different group and phase velocities. In addition

to these difficult ies , the phase and group velocities are not

equal. Thus the signal changes as it travels in the guide, and

characteristics of the received signal are largely due to the

waveguIde .~
8
~~~

In this paper we re—examine the array steering problem

with both the array and source in a layered waveguide. The so-

lution of the pressure field due to a point source that radiates

~-1—

—~~~~~~



r .. — 
— 

~

- - —-

~

-

~~

band limited noise in a layered waveguide has been given in

terms of normal modes.~~~
’
~ This pressure field is used with

the usual procedure of array calculations In the following see—

tions. A numerical example with a two—element array and a

shallow—water waveguide is given. I should rema rk here that

this development is mainly concerned with waveguides that are

a few acoustic wavelengths thick and with very large source-

receiver distances. The source Is driven by band limited noise

and , in the numerical example, the bandwidth is one fifteenth

of the center frequency.

2. PropagatIon in a Layered Waveguide

Tolstoy has given the theory of propagation of acous-

tic waves due to a simple harmonic point source in a layered

waveguide in detaIl.~~~~~
3
~ It is sufficient here to summarize

his results.

All energy from a source in a uniform layer that is

totally reflected at the boundaries of the layer is trapped in

the layer. The trapped energy spreads cylindrically and has

many reflections from the top of, within, and at the bottom of’

the vavegulde. The most convenient way to describe the pressure

field at a large distance is to use the normal-mode formulation

of the problem. We assume a horizontally stratified medium with
a free surface on the top. This is basically the shallow—water

problem with water over layers of’ sediment extending to basement.

The simple harmonic source is at depth d In the

first layer. The detector is at depth z in the first layer

—2-
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and at i’ange R from the source. The long-range solution for

the acoustical pressure P1 Is the following:

(2.1)

P1 = ip1AR~~’2 e~~
)t 

m~1 
1
~m 

sin rim z sin rim d * exp

In which

CO the angular frequency ,

Km = the horizontal component of the wave number for

the m~~ mode,

K m ~~W/C

Cm = the phase velocity of the mfl~ mode ,

rim the vertical component of the wave number in the

i~~ layer ,
_ , 2,  2 ~,2~1/2rim u .I  

~~~ — “rn ~
= the mode excitation for mth mode,
= velocity of sound in the i~~ layer,

and

p1 = density In the i~~ layer.

It Is difficult to express 1cm’ r1~ ~~~ ~m °~ 
func-

tions of (A) in terms of the parameters of the waveguide. For

- 1 a particular wavegulde, numerical solutions are computed. There

are many papers in the literature that give the theory aM tech-

nIques.~~~~~
6

~ For our purpose, the most Important thing Is
that simple functions of (A) can be used to approxima te the nu-
merical values of r im (W) , Km(W) and p~ (~~)
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The extension of the simple harmonic source to the

band limited noise source is obtained from Fq. (2.1) by using

the Fourier Integral expression for the noise source:

(2.2) 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ rlm z sin rimd x exP(1Q~~RjI~d(.&).

The source and receiver filter characteristics are Included In

the function ~(t~))

3. Array of Detectors

The usual way to process the signals from an array

of detectors Is to add the signals and take the time average

of the square of the sum. The direction to source can be de-

termined by measuring the output of the array as a function of’

steering direction. The objective of steering is to match the

phases of the signal from each detector 80 that all the signals

are the same. Array steering can be done by turning the array
or by placing the proper time delay In each signa l channel.

Let us assume that we have an array of detectors 1,

2, ... • The detectors measure acoustical pressures P1 (t ) ,

P~(t) • Time delays are placed in each signal chan-

nel so the signals observed become (without change of notation)

P1 (t—7~), P2 (t—7’2 ), ... P~(t..7~) . The output of an additive

array ii the sum of’ the individual signals. The time average

of the squar. of the array output is the following:

L_________ _ _ _ _ _ _ _ _  
_____________

- - ~~~~~~~~~~~ ~~~~~~~~ .~~~~~
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-~~~~ (3.1) N N  
*F = Z ( 

P~(t-7 ) , P1~ (t- T~
) 

> 
•

In which is the complex conjugate of P and

(3~2) T

K ~m~n )  ~ 7~~L oo~~ IT pm(t_7 p
n
*(t_7w~~t

Fquation (3.1) can be separated into two sets of terms, the

squared terms (P mPm *) and the cross terms (Pm Pn
*
)

The squared terms are Independent of steering and time delay

for a source of stationary noise . The directional information

Is obtained from cross terms, Upon separation of the terms In

the sum~iat1on, Fq~ (3.1) becomes

(3.3) 
2F = E K P m )  +E E

n�m

In which

Fmn (7~m 7~
) (P~(t_7

•
~) -~

The cross terms are also the covariances of pairs of

signals with time delays as defined by Eq. (3)4),
(1~~ The bal-

ance of this paper will discuss a single covariance F12 • This

simplification is mainly one of notation. It does not limit the

results to a two—element array because all of the cross terms

in Rq. (3.3) are similar.

14, Covariance of Two Signals

The coordinate axis Is shown In Fig. 1. The detectors

— 5—
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are In the xz plane at (x1 ,z1
) and (x 29 z2 ) ‘The source

Is at depth d distance R , and angle 0 as measured from

the y axis. The distance of the source is presumed to be

large relative to the thickness of the wavegu.tde and the sepa-

ration between the detectors,

The covariance Is obtained from Fq~ (2 .2) and Eq. (3 .2) .

The product of the Integrals can be transformed to ~ multiple

Integral by changing the varIable of Integration frot~ CO to

CO1 
. The Integra tion over t and application of t}~ limit as

T tend s to infinity Indicates that the expression ~anishes for

Co ~ 
i (17) Thus or~ obt~~ns the followi ng :

(~+~1)
00

= Real A’~~~ 
~~~~~~ 

J G ~W)P mPnSin r 1,~~1~~in r1~~z2

x sin r imd sin r 1~ d exp {i1  R1 _K~F 2
_
~o(7 1 _r2 ) ] }  dCO ,

In which

G(1~~) g g

H
1 R2-2Rx1 sin e + x1

2

H
2 

P2 2RX sin 0 +

and

-7—
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(~s.2) IL R-x sin e1 1
for •

P1 >> x,~
H

2
— R— x 2 sine

Equation (11.1) can be evaluated if the dependences

of G , 
~m ’ rm P and Km upon W are known . Numerical values

of K m and rm as functions of &.) are shown in Fig. 2A,

and numerical values of Pm (W) are shown in Fig. 2B. The

calculations were made by Tolstoy for the shallow—water section

near Fire Island .(16) For first approximation , K m and i’m

may be expanded as linear functions of CO . Using the follow-

ing definition of the group velocity

UnI = l
coo

we have
()~~~~~3) K m ~

for ( 4 ) � O o

~~~

The approximate expressions for Km and i’m 
can be

- 1 substItuted Into Eq. (Ii.1). If the bandwidth of the filter

function G Qo) is na rrow, a simple function can be used for

and the integrals evalua ted . Wide band s can be treated by

piecewise integration of several, narrow bands. One must be

careful In this integration since Urn and K m are positive

for outgoing waves. W Is restricted to positive values In

~ 
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Fq. O+.3) .
The bandwidth of’ interest is the product of the filter

function G(w) and the mode excitations 
~m~n 

• The prod uct

may be approximated by an ideal filter with a bandwidth t~C~
)

and center frequency U0 . The terms in Eq. (L,..1) can be in-

tegrated with Eqs. (I4.2) and (~i.3). The change of rm over

the range of’ ~ o Is small enough that i’m can be considered

constant for this example. For ~~ about 1/15C~4, • the er—
rors are less than 10 percent of the mode interference terms.~~°~

The result of Integration over the bandwidth is the fol-

lowing:

(li.~.)

2 2  — —
2 ‘ ~ Tf2 I7~ m~n 1’m

1
~n 

sin ri mZi sin r1 ~z2 sin r1 rnd sin r1 ~d
1 R2

sin
° tW ~~5/2

in which

o= (~- _ F ) - ( ;~-;~) sine- (7~-r2)
= [~~m - /(.~~

) B - ~~~x1 - K~x2 ) sin e — 

~4 CT~ _ r2)J

= equivalent ideal filter bandwidth for the product

G (W)PmPn

= the average value of in the frequency band t’L4L~ ,

— 11—

~ _1 
~~
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and

G ~~ ) ~m~n 
= 

~m~n /tL .L~~ for (L~0-t~W~ /2 )~&~(Lo0+~c~~ /2)

or

= 0 for CO otherwise.

1cm ’ Um~ and i’m are evaluated at W = In Eq. (I+)+). The

n = m terms are the covariance of the same mode observed at

the two detectors. With the range of time delay I1~ 
..T2~

limited to about the travel time between the detectors

I(x1 — x2)/TJm I , the most Important ternis In the summation are

the n = m terms for very large source distance. The cross terms

can have a contribution for time delays that are about the dif-

ference of the travel times of energy in the different modes.

The time delays that maximize the covarlance of the cross terms

or mode interference terms are related to the distance from the

source to the receiver. For a single detector, the auto~
covariance function can be used to determine the source distance.

We assume In the array steering problem that the

source is at great distance and that the time delay range is

limited to that required to steer the array. The cross terms,

n � m , will be dropped. With these assumptions and simplifi—

cations Eq. (14.)+) becomes

E 
~m
2 sin rlmzl sin 1’1m52 sin

2 rim d

x cos ((t~T~/çx sin e) m
0 “

~~~T x sln e

— 12—

—---- — —
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In which

x1 ~~x/2

x2 -x/2

T = T 2 - l

R~~~R~~’2R h/2
2

arid

= equivalent Ideal filter bandwidth

f or the product

The m~~ term In the summation is the covariance of

the acous tical pressures at the detectors for the m~~ mode.

The size of each term Is dependent upon the detector positions

and source depth , in addition to the array steering parameters.

The maximum value of the contribution of the m~ mode
to the total covarlarice F12 Is determined by the mode excita-

tion p~ and source depth d , i.e., the value of 
~m

2 S1fl2i’i rnd

The detector depths enter as the product

Siri r~~ z1 sin r1~ z2 . The value of this product can be plus,

minus, or zero. Since we are interested In the covarlance of

the same mode at two detectors and the total covariance as a

function of steering, we assume that the detectors are at the

same depth.

The dependence of the envelope of the covariance func-

tion upon steering is given by th ’  term of form sin~/~ . The

maximum of sIn~ ’,~
’ Is at ~~

‘ 0 • The value of time delay T

—1 3— 
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for which the function is maximum is dependent upon the group

velocity Urn (for x sin G not zero). The sin~/~ term

mul tiplies the term cos
~OoT~Km

x sin e) that Is elso dependent

upon the steering and mode. This term gives the oscillation of

the covariance of the mth mode as a function of steer~flg. It is

dependent upon the angular frequency (4~ and the horizontal

component of’ the wave number K m (or In terms of the phase
velocity , Cm Km/Wo ). The phase and eroup velocities of

energy propagation In a wavegulde are generally different, and
even for a single mode the steering time delay ( for ma,~imum

of the covariance may not correspond to the direction to the

source. Since the group velocity Um and phase velocity Cm
are dependent upon the mode, the covari ance of the acoustical

pressures for each mode Is a maximum at different time delays

(for x sin e not zero). If 7’ is zero and sin e is varied~
i.e., if the source is moved across the acoustic axis of the

array or the array Is turned for a stationary source, then all

of the terms are maximum at x sin e = 0 • For either ty pe of

steering, the sum of the terms is complicated, and it is more

InstructIve to consider specific numerical examples.

• 5. NumerIcal Example

The shallow-water area of f Fire Island has been used

for studies of propagation of acoustic waves in a layered wave —
• guide . The agreement of the experimental data wi th theoretical

calculations has been good . ~~0, 18) The wavGguide layering and

— 1 ~+—

Li _ _ _ _ _ _ _



_______________________________ _____ ~~~~~~~~~~~~~~~~~~~~~

the curves of AJ vs the horizontal and vertical components of

wave n~imber for the Fire Island area are shown in Figs. I and 2.

The source is assumed to be about 7 w deep. The de-

tectors are assumed to be 500 m apart and 19 m deep. The center

angular frequency of the source Is assumed to be 300i- rad/sec

with bandwidth of 20w rad/sec . With these numbers , the con-

tribution to the covariance of the 1st , 2nd , and ~+th modes are

nearly equal, arid the 3rd mode is nearly zero. Numerical values

of Km ard Urn are obtained from Fig. 2. The amplitude factors

of the modes are nearly equal. The normalized covariance

I~ the following :

(5.1) sin(t~4 ’2)(T~—x sin e/U )
!12(T) = 1/3 ~~~~~~~~~~~~~~~~~ ~~“ (t~d2)((-x sin 0/Urn ) 

m

The covarlance function f or an array in an Infinite homogeneous

medium is obtained by letting the phase and group velocities be

equal for all modes. For the last case, the function Is of the

following form:

~~~J 

sin 42

where

~~=~~0r - x s i n e/a1 $

the covariance is the same function for efther time delay or

sin e steering.

The results of the calculations are shown in Fig. 3.
Figure 3A shows the covariance of two elements in an infinite

—15—
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hciiopeneous ocean. This result Is similar in appearance to the

‘ovar :~.ance of a single mode in the shallow—water waveguide for

0 and sin P steering. Figure 3B shows the total covarl-

ance :unction for sin e steering and three modes propagating.

The sharp maximum at x gIn 9 = 0 and the lack of the sin~/~
envelope of the total co’variance function are due to the dif-

ference between the IKm ’s of the different modes.

Figure 3C shows the total covariance for the second

numerical examole. The source Is assumed to be in the direction

e = 90 deg or in line with the detectors. The covarlance func-

tion for each of the modes is similar in appearance to that In

Fig. ~A. However, the frequency of oscillation Is different

for each of the modes , and the phase shifts of the cosine waves

are also different. The result of this is that the covarlance

functions for the modes constructively and destructively Inter-

fere with each other . The phase and group velocities are not

equal, and the phase of the cosine wave is not zero at a steer—

Ing delay such that the sin~/~ term is maximum . 8ince the

group velocities of different modes are different, the enve-

• lopes of the covariance functions sin are maximum at

different values of time delay. The positions of the maxima

• of the envelopes for the three modes are Indicated. The exact

shape of the interference pattern in Fig . 3C Is very much de-

pendent upon the source direction and the detector separation

x sin e

—17—
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If we were to compute the total covarlance for a small

range of e near , we would find that the Interference max-

ima and minima would describe an envelope that Is approximately

of the form sIr~/~ • This suggests that the total covarlance

function could be squa red and averaged over a small range of

x sin e . (This t~ pe of data processing does not seem to be

advantageous because It requires many determinations of the

covarlance squared as x sIn 0 is varied.) It may be possible

to combine the outputs of several detectors at different depths

so as to detect each mod e separately . The separate covarlance

function for each mode could be examined separately or recom-

bined with suitable time delays to give a total covariance

sImila r to that in Fig. 3B.

6. Conclusions

Steering an array In a waveguide Is more difficult

then steering an array in an Infinite homogeneous medium. The

reason Is that the wave propagation In a waveguide Is more corn-

plex. The energy propagates In many modes , and each mode can

have different phase and group velocities. Although we have

not studied the signal—to—incoherent-noise problem , It Is rea-

sonable to compare signal—to—noise studies with the array

steering problem. In both cases we assume that we are measuring

the covariance of the acoustical pressure observed at two de-

tectors. A convenient definition of the output signal-to-noise

— i 8~~
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ratio of a covariance detector is the ratio of’ the covarlance

squared to the mean square fluctuations of the covarIance,~
2
~

In this respect then , fluctuations of the covariance function

for very small changes of source direction can be considered

as an apparent noise.

Mechanical or sin 0 steering gIves a covarlance of

the acoustical pressures with a well—defined maximum. The co—

variance maximum Is In the proper direction. The width of the

maximum of the envelope of the covariance Is narrower than

would be expected on the source bandwidth. This might be ex-

pected since several independent pieces of Information, I.e.,

several propagation modes, are combined In this calculation0

The maximum of the covariance functIon should not fluctuate

for small changes of the source direction. In the absence of

incoherent background noise , the apparen t noise level for this

type of array steering should be very low.

Time delay steering of a two—element array that de-

tects all modes yields a covariance that has several maxima

and minima. The complication Is caused by the constructive

and destructive Interference of the covarlance functions of

the several modes, The magnitude of the interference maxima

and minima is less than or equal to the sum of the envelopes

of the covariance functions for each m ode, The maximum of the

envelope of the covariance of each mode occurs at a time delay

that is determined by the source direction, detector separation,
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ani ~:oup v’loclty cf the .ode. I suggest that It as; be i~~c-

essa ~ to average the s;~~re of eany cow~ ’1ance ieasflre~~nts

~~ ¼ ter~ioe t~ c source dIrectIo~i with tIe delay steering.

~~en 50 , the s~~ of the ~ifferen t ~zziaa of the EzfVE lOpes for

the ~Ifferent dIrec tIoIIz i.ould broa~!en ~‘e covarlarice turrticii.

The ic:’ia~Ions of the co-variance ~ay be large In rls case

azx~ corresp~~~ii~ ly the appareL t noIse :evel large.

This st~iy has been restricted to ~ noise source in

a vavegui~e vi~h Ir..fir.lte layers. The layers are assi~~ed to

‘-ave co~~ tant thickness aLd constan t properties. L~ t~e layers

are not ~n1form in t~~~ area of the array , t~e acoustical pres~
sures at ±e t~~ detectors P1(t) a~~ P2 (t) ca~ be different.

~~~€ ~ C~~—~~~if3T” C~~~~~~iOflS can cause the ~c riance fu~cU~rn to
be seafl a& ~rraUc. TLkmder tizese cxdV ions , ~~astreaent of

the covar~ a~ce fw~ ticn for any ty~~ of steering ~~ild ir~1Icate

t~.at the ~r-~arent nQIse level is higti~
As a fIi~.1 cocist~eraticc~ ~~ t us ass~~e that we have

a s1i~~~ har~~~ ic source In the ~a~~.egulde . The fr€ ~~~ci

±e ae~ustlcal pressure is the sate fo~ sU detectc~ ~~s!.tIoos

regsrd:ess of ar~ non—i~~Iform co~~Itici~.s o~ t3~e m~~ber of ~oães

propagating. This means that the ccvari anee of the acoustical

pressures Is a fnnctiou of the chase f f € ~r -~nce of t~ie acc~istl-

cal pressures ai~ that the co’variance ~ay be large, i~bereas

~~5er the same colkiltiacs with a noise source -eying saali barx~-

width, the covariance ~~~J1 tend to zero. 10: these reaso~..g It

~~2C~~
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Is dIfficult to predict the performance of a more complex array

In an Irregular wavegulde on the basis of studies made with a

harmonic source and a two—element array.
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